
1. Itisboundedon La, b) andfor any cela,b)

flic,b) isRiemann integrable, then fis

Riemann integrable on Lab) and (+->1 as

c -> at.

Pf: We wish to use Squeeze Theorem, i.e., for

any 230, find g.hERIa, b1 sit. gafch

and 149-h><a.
Fix 230.

Since of is bonded, there exists MEIR such

that -M<f < M.

Take ct(a, b) with cacti.



Letg(x)= I
-M, x t [a,c).

f(x)
,
xt[c, b1.

hix =(m, xt[a,c),
fexs, x Glc, b1.

Since g = -MXia,c +flza,b1

g
is Riemann integrable on Ia, b1.

Similarly, hisRieman integrable on Tash).

Since -MSALM, 9?fsh.

Moreover, h -g
=2mX(a,c).

Thus (Ph - g1 =2m(cra) <2m*
=2.2M

By Squeeze Theorem, ftRIa, b1.

1(a + -((+) =1(a+ 1 =(?)
C-a)M-o as stat.

↑

I

Rock:Bounderness isnecessary.
f =4,xt(0,11,Counter-example: I

0, x=0



Since I is unbanded.
- 4 Rio, 1.

Butflic, tRIO, 1.

2.If f and g are continuous on Ia, b) and

g 30, then there exists atta, b) such that

(a +g =fx)!8

p7:Letmixtures andM-supfexs
/

X(Ta,b1

Since to is continuous, there exists

2.BeTa,b1such that mites andm= fis,

Since mif(x). M andg(xx30, I

mgex) [f(xxgex) -Mgex) for any Xt[a,b1.

Thus my/g =M)8 and 1850.
· If (a9 =0, then (at =0.

safg =fxxs/ for any ceta, b1.



if 1990, then fixy=m =-M=tis
By IntermediateValue Theorem, sinceI

is continuous, there exists between

a andB much that feal:t
ofcourse, (t[a, b1.

11

Rank: · The continuityofg isunnecessary.

We onlyneed geRIA, b1.

· g>0 is necessary.

Counter-example: f(x) =g(x) =x on [1,1.

Then 14:1, xdx =1 =I o

and11,8=),xdx =

0.

-(187 fx))!,g=0 for anyceta, b1.



3. (If +g) > ((f) +((g)

Pf:For any partition P., Ps ofIa, b1,

letP =P, UP2.

Exercise:You can show that (1:4)S(1;&) #
P>R;

(If+g) - (If +g;P) =E,it(f(x) +y(x:xc[xx-1,xx))(xx - xx- 1)

EE, fot (taxx:x Tx-, x1)+inflgexs:x=[xx-, xxt)) (xx - xx-1)
=LI;P1 +((g;P)

> (1f;4.) + ((g;P2)

Since P, is arbitrary,
(1ftg)> ((+) +((g;P2)

Since PC is arbitrary,
(If +g) > ((f) +((g).

-I

Rmk: · The inequality can be strict in some cases.

Example:fix:3", x*R1[0,11,
0, xE&'n To,1.

f(x)
=30,x =R1[0,11,

1, XER*[0,11.
Then ++g = 1.

Thus LH+g)= 1 and (4) =L1g) =0.



· We also have Usttg)- WH+U(g).

Since (If +((9) - ((f+g)- 0(f +g) =0(+) +w(g),

if f, gtRIa,b1, i.e. 214) =Ws) and (g) =W(y),

then Lif+g)=vIftg), i.e., ftgtRIa,b1.


